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Abstract
Let G = (V ,E) be a ﬁnite non-empty graph, where V and E are the sets of vertices and edges of G, respectively, and |V | = n
and |E| = e. A vertex-magic total labeling (VMTL) is a bijection  from V ∪ E to the consecutive integers 1, 2, . . . , n + e with the
property that for every v ∈ V , (v)+∑w∈N(v) (v,w)=h, for some constant h. Such a labeling is super if (V )={1, 2, . . . , n}. In
this paper, two new methods to obtain super VMTLs of graphs are put forward. The ﬁrst, from a graph G with some characteristics,
provides a super VMTL to the graph kG graph composed by the disjoint unions of k copies of G, for a large number of values of k.
The second, from a graph G0 which admits a super VMTL; for instance, the graph kG, provides many super VMTLs for the graphs
obtained from G0 by means of the addition to it of various sets of edges.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction and previous results
Throughout this paper, let G = (V ,E) be an undirected graph with vertex set V and edge set E, where |V | = n and
|E| = e. The degree of a vertex v is the number of edges that have v as an endpoint, and the set of neighbors of v is
denoted by N(v). The (maximum) degree of G will be denoted by .
A total labeling of G is a bijection:
 : V ∪ E −→ {1, 2, . . . , n + e}
and the associated weight of a vertex vi in G is
w(vi) = (vi) +
∑
vj∈N(vi)
(vi, vj ).
If each vertex has the same weight, then the total labeling  of G is vertex-magic. In this case,
w(vi) = h. (1)
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Fig. 1. A super vertex-magic of K5 with h = 45.
Although magic labeling of graphs was introduced by Sedlácˇek [9], the concept of vertex-magic total labeling
(VMTL) ﬁrst appeared in 2002 in [5]. For a dynamic survey of various forms of graph labeling see [2]; and for
vertex-magic graphs see [10].
It is clear that the set of possible values of h that verify (1) has upper and lower bounds; see [7]. Any integer h
between these bounds is called a feasible value for h.
A VMTL  is called super if (V ) = {1, 2, . . . , n}. That is, in a super VMTL the smallest labels are assigned to the
vertices. A graph which admits a super VMTL is said to be super vertex-magic. The value of the magic constant h of
a super vertex-magic graph is the largest possible; see, for example, [6,7].
Various properties of super VMTL of graphs have been studied, for example, in [1,5–7]. One of the most basic and
important properties of a super VMTL is the value of the magic constant; in several works it is given explicitly:
h = 2e + e(e + 1)
n
+ n + 1
2
. (2)
A further study concerns the degrees of a super vertex-magic graph, and it has also been dealt with in other works;
see, for instance, [1]. The order of a graph, to determine if it can have a super VMTL, is also important. For instance,
there are no super VMTLs for graphs with order n = 4l + 2, l ∈ {1, 2, 3, . . .}, see [6]. For more properties, the reader
should consult the mentioned references. However, only a few VMTLs have been presented. As a matter of fact, the
problem of ﬁnding a super VMTL does not appear to be easy to solve by using a general method that includes most of
graphs able to admit a super VMTL. As a consequence, the works giving super VMTLs only study particular graphs or
concrete families of graphs in general. For instance, a construction for a family of super VMTLs of Kn is given when
n is odd in [5]. Such a construction uses a pair of orthogonal Latin squares, and there is scope within the application of
the Latin squares to provide labelings with a variety of different magic constants, including the largest feasible values.
Therefore, this construction proves that Kn has a super VMTL for any odd n. In [7], another interesting technique is
put forward for constructing VMTLs (not only super VMTLs) of the complete graph Kn, for n odd, for all values of h
in the feasible range. Fig. 1 gives the super VMTL of K5 with h = 45 given in such reference. The study that ﬁnalizes
which of the complete graphs have a super VMTL is given in [3]. Other super VMTLs are given in [1,4]. For instance, a
super VMTL for the disjoint union r cycles of length s, rCs , for odd of r and s is given [1]. Moreover, Kovárˇ presented
an interesting method for constructing VMTLs of graphs at IWOGL held in Herlany, 2005 [4]; up to now unpublished.
Kovárˇ proved: Let G1 = (V ,E1), G2 = (V ,E2), G = (V ,E) be graphs such that E1 ∩ E2 = ∅ and E1 ∪ E2 = E. If
G1 admits a super VMTL and G2 is a regular graph of even degree, then G admits a super VMTL.
In this context, our work deals with the presentation of new methods that enable us to provide more super VMTLs
for other families of graphs.
This section concludes with a deﬁnition.
Deﬁnition 1. If G is regular and we have the map ′ satisfying:
1. ′ is a bijection from V ∪ E to {0, 1, 2, . . . , n + e − 1},
2. ′ : V −→ {0, 1, 2, . . . , n − 1},
3. w′(vi) = ′(vi) +
∑
vj∈N(vi) 
′(vi, vj ) = h′,
then ′ is a super pseudo VMTL for G with a pseudo-magic constant h′.
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Observation 1. If G is regular and the map ′ is a super pseudo VMTL of G with pseudo-magic constant h′, then
we have a total labeling  of G by adding 1 to all labels of ′, which is vertex-magic and has the magic constant
h = h′ + + 1.
2. Preliminaries and ﬁrst results
The purpose of this section is to establish some foundations, as well as initial results that will subsequently be very
useful.
Let k be a positive integer. Firstly, we obtain h(kG), the magic constant of the graph kG as a function of h(G), the
magic constant of the graph G that admits a super VMTL.
Lemma 1. Let h(G) be the magic constant of a -regular graph G, with order n and e edges. The magic constant of
the graph kG is given by h(kG) = kh(G) − (k − 1)(+ 1)/2.
Proof. According to (2) we have
h(G) = 2e + e(e + 1)
n
+ n + 1
2
and
h(kG) = 2ke + ke(ke + 1)
kn
+ kn + 1
2
.
Hence,
h(kG) = kh(G) − (k − 1)2e + n
2n
.
Moreover, since G is -regular, 2e = n and, therefore,
h(kG) = kh(G) − (k − 1)(+ 1)
2
.  (3)
Observe that, since we have assumed that G admits a super VMTL, h(G) is a positive integer. Therefore, if
(k − 1)(+ 1)/2 is not an integer, then kG does not admit a super VMTL.
Next, some deﬁnitions are required.
Deﬁnition 2. Let G be a -regular graph G = (V ,E) with order n, which admits a super VMTL, G. The origin
labeling of kG is an injective map HkG such that
HkG : V ∪ E −→
{
t
2
|t ∈ N
}
,
u −→ kG(u) − k − 12 . (4)
Notice that if u, u′ ∈ V ∪ E and u = u′ then |HkG(u) − HkG(u′)|k. Fig. 2 gives the origin labeling of 5K5. This
labeling comes from Fig. 1.
From now on, we will assume that the order of the generic graph G is greater than one. Let k be any positive integer.
Let us denote the set {−(k − 1)/2,−(k − 1)/2 + 1, . . . , (k − 1)/2 − 1, (k − 1)/2} by M(k).
Deﬁnition 3. Let k be a positive integer. A neutral labeling of G with the elements of M(k) is a map  satisfying
 : V ∪ E −→ M(k)
and for each vi ∈ V
w(vi) = 0. (5)
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Fig. 2. The origin labeling of 5K5.
Fig. 3. A neutral labeling of K5 with the elements of M(5).
Fig. 4. A neutral labeling of 4K4 with the elements of M(4).
Observe that a neutral labeling is not an injection, unlike a VMTL. Next we give some examples of neutral labelings.
Fig. 3 gives a neutral labeling of K5 with the elements of M(5).
Fig. 4 shows a neutral labeling of 4K4 with the elements of M(4).
Fig. 5 gives a neutral labeling of 5K5 with the elements of M(5).
Fig. 6 gives 18 neutral labelings of K3 with the elements of M(5).
Proposition 1. Let G be a regular graph with even degree . There is no neutral labeling of G with the elements of
M(k) for even k.
Proof. When k is even,
M(k) =
{−k
2
+ 1
2
,
−k
2
+ 3
2
, . . . ,
k
2
− 3
2
,
k
2
+ −1
2
}
.
Therefore, the sum of any odd elements of M(k) is different from 0 for any even k. Hence, since + 1 is odd, we have
that there is no neutral labeling of G with the elements of M(k) for even k. 
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Fig. 5. A neutral labeling of 5K5 with the elements of M(5).
Fig. 6. Eighteen neutral labelings of K3 with the elements of M(5).
Next we need to introduce more deﬁnitions.
Deﬁnition 4. Two neutral labelings of G = (V ,E), 1 and 2, are compatible if, and only if, 1(vi) = 2(vi) for
each vi ∈ V and 1(vi, vj ) = 2(vi, vj ) for each pair (vi, vj ) ∈ E.
Deﬁnition 5. A set of qk neutral labelings of G with the elements of M(k) are compatible if, and only if, they are
compatible pairwise.
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Observe that the neutral labeling of 5K5 with the elements of M(5) shown in Fig. 5 corresponds to the set of ﬁve
compatible neutral labelings of K5.
Observation 2. The maximum number of compatible neutral labelings of a graph G with the elements of M(k) is k.
Observe that the ﬁrst 5 neutral labelings of ﬁrst row of K3 with the elements of M(5) of Fig. 6 are compatible. In
the context of Proposition 1, the next question to be considered is: Which regular graphs have k neutral labelings with
the elements of M(k)? This matter is answered in the next result.
Theorem 1. Let k be a positive integer and let G be any -regular graph. If (k − 1)(+ 1)/2 is an integer the graph
G has k compatible neutral labelings with the elements of M(k).
Proof. Vizing’s theorem states that a graph can be edge-colored in either  or +1 colors, where  is the (maximum)
degree of the graph. Therefore, by Vizing’s theorem, for any -regular graph G, there is a partition S1, S2, . . . , S+1 of
V (G)∪E(G) such that for every vi ∈ V (G) and j ∈ {1, . . . ,+ 1} either vi ∈ Sj and no edge incident to vi belongs
to Sj , or vi /∈ Sj and there exists exactly one edge incident to vi which belongs to Sj .
We distinguish two cases
• Case + 1 is even. In this case, let us consider the labelings l , l = 1, 2, . . . , k, deﬁned by
l (x) = l − k + 12 for x ∈ Sj , j ≡ 1 (mod 2),
l (x) = k + 12 − l for x ∈ Sj , j ≡ 0 (mod 2).
It can be checked that {l (x)|l = 1, 2, . . . , k} = M(k) for j = 1, 2, . . . ,+ 1. Moreover, for each vi ∈ V and for
each l = 1, 2, . . . , k; wl (vi) = 0. Thus, the k labelings l (x) are compatible neutral labelings for every positive
integer k.
• Case + 1 is an odd. In this case k is odd and we consider the labelings l , l = 1, 2, . . . , k, deﬁned by
l (x) = l − k + 12 for x ∈ Sj , j ≡ 1 (mod 2), j <,
l (x) = k + 12 − l for x ∈ Sj , j ≡ 0 (mod 2), j <,
l (x) = l − 1 for x ∈ S, l(k + 1)/2,
l (x) = l − k − 1 for x ∈ S, l > (k + 1)/2,
l (x) = k + 32 − 2l for x ∈ S+1, l(k + 1)/2,
l (x) = 3k + 32 − 2l for x ∈ S+1, l > (k + 1)/2.
As before, if j < we have {l (x)|l = 1, 2, . . . , k} = M(k). Moreover, if j =  the set {l (x)|l(k + 1)/2} =
{0, 1, . . . ,−(k − 1)/2}, whereas the set {l (x)|l > (k + 1)/2} = {−(k − 1)/2,−(k − 3)/2, . . . ,−1}. Hence, if
j = we have {l (x)|l = 1, 2, . . . , k}=M(k). Finally, if j =+ 1 the set {l (x)|l(k + 1)/2}= {−(k − 1)/2,−
(k − 5)/2, . . . , (k − 1)/2}, whereas the set {l (x)|l > (k + 1)/2} = {−(k − 3)/2,−(k − 7)/2, . . . , (k − 3)/2}.
Hence, if j =+1 we have {l (x)|l=1, 2, . . . , k}=M(k). Moreover, for each vi ∈ V and for each l=1, 2, . . . , k;
wl (vi) = 0. Thus, the k labelings l (x) are compatible neutral labelings for every positive integer k. 
Observe that, with the partition of K3 given in Fig. 7, the 5 compatible neutral labelings of the graph K3 with the
elements of M(5), given in Theorem 1, correspond to the ﬁrst 5 compatible neutral labelings in the ﬁrst row of Fig. 6.
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Fig. 7. A partition of K3.
3. Super VMTLs of graphs with the same degree and greater order
Now we are able to give the following result:
Theorem 2. Let k be a positive integer. If the graphG is-regular graph that admits a superVMTLand (k−1)(+1)/2
is an integer, then the graph kG has a super VMTL.
Proof. According to Theorem 1, the graph kG admits a neutral labeling. Let us take HkG and c, c = 1, 2, . . . , k, as
the origin labeling of kG and k compatible neutral labelings of G, respectively.
We deﬁne the map kG as follows:
kG : V (kG) ∪ E(kG) −→ {1, 2, . . . , kn, kn + 1, . . . , k(n + e)}
such that,
kG(c, vi) = HkG(vi) + c(vi),
kG(c, (vi, vj )) = HkG(vi, vj )) + c(vi, vj ).
Therefore,
wkG(c, vi) = kG(c, vi) +
∑
(c,vj )∈N(c,vi )
kG(c, (vi, vj ))
= kG(vi) + kG(c, vi) − (k − 1)(+ 1)2 +
∑
(c,vj )∈N(c,vi )
kkG
+
∑
(c,vj )∈N(c,vi )
kG(c, (vi, vj )) = kh(G) − (k − 1)(+ 1)2
which coincides with (3). 
Corollary 1. Let n and k be two positive integers. If n and k are odd or n= 4l, l = 2, 3, 4, . . . then the graph kKn has
a super VMTL.
Proof. We distinguish two cases:
• n= 2m− 1, m= 2, 3, 4, . . .. In this case, n is an odd positive integer, and according to [5,7] the complete graph Kn
admits a super VMTL.
Since n is an odd number, (n − 1)(+ 1)/2 is an integer. Therefore, the result holds because of Theorem 2.
• n=4l, l =2, 3, 4, . . .. The complete graph K4l , l > 1 admits a super VMTL; see [3]. Moreover, since +1=n=4l
is an even number, (n − 1)(+ 1)/2 is an integer. Therefore, the result also holds because of Theorem 2. 
Fig. 8 shows the super VMTL of 5K5 constructed by applying the method given in the ﬁrst part of this work to the
origin labeling of 5K5, shown in Fig. 2, and to the neutral labeling of 5K5 with the elements of M(5) given in Fig. 5.
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Fig. 8. A super VMTL of 5K5.
4. Some super VMTLs for graphs with greater degree
From a -regular graph G with order n, the construction of super VMTL presented in previous section provides a
super VMTL for a regular graph kG with order kn. (For some of the different values of k and n, see Theorem 2.) That
is, the value degree/order of the kG is less than that of the graph G. In this section, from a graph G0, with (maximum)
degree  and not necessarily regular, some new super VMTL of graphs with greater ratio degree/order than that of G0,
are presented.
Our aim is to increase the degree of any graph G0, with order n0, that admits a super vertex-magic total labeling. A
particular case of graph G0 is the graph kG, with order kn, which admits a super VMTL, k being a positive integer. The
graphs studied until now belong to this last type of graph.
Let  be a total labeling of G. A symmetric matrix A = (ai j ), i, j = 0, 1, 2, . . . , |V (G0)| − 1 is called a label
adjacency matrix of graph G0 if
ai j =
{(vi, vj ) if (vi, vj ) ∈ E(G0),
(vi) if i = j,
0 otherwise.
The structure of the label adjacency matrix of the graph kG is as follows:
A =
⎛
⎜⎝
A00 0 . . . 0
0 A11 . . . 0
. . . . . . . . . . . .
0 0 . . . Ak−1k−1
⎞
⎟⎠ ,
where 0 denotes a n × n matrix with all the entries 0.
Deﬁnition 6. Let G0 be a graph with order n0 and e0 edges that admits a super VMTL, G0 , and let A = (ai j ) be
the n0 × n0 label adjacency matrix of G0 for G0 . A symmetric matrix B is a compatible label adjacency matrix
with A if, and only if, if ai j = 0; then bi j = 0 for each i, j = 0, 1, . . . , n0 − 1; and the set {bi j |bi j = 0} is
EB = {n0 + e0 + 1, n0 + e0 + 2, . . . , n0 + e0 + eB} for any positive integer eBn0(n0 − 1)/2 − e0.
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Observe that if B is compatible with the label adjacency matrix A of a graph G0 that admits a super VMTL, then
bi i = 0.
Theorem 3. Let A = (aij ) be the n0 × n0 label adjacency matrix of G0 = (V0, E0) for the super VMTL G0 , with
magic constant h(G0), and let B be a label adjacency matrix, compatible with A, with eB non-null entries, and such
that its rows (and, therefore, its columns) have the same sum, sB . The matrix A+B corresponds to the label adjacency
matrix of a super VMTL graph G′0 with order n0 and e0 + eB edges. Furthermore, the magic constant of such graph
is h(G0) + 2eB + (eB)(2e0 + eB + 1)/n0 = h(G0) + sB .
Proof. Matrix A + B is a label adjacency matrix of graph with order n0. Indeed, the matrix A + B induces a labeling
such that
G′0 : V0 ∪ E0 ∪ EB −→ {1, 2, . . . , n + e0 + eB},
such that
G′0(vi) = G0(vi),
G′0(vi, vj ) =
{G0(vi, vj ) if G0(vi, vj ) = 0,
bi j if bi j = 0,
0 otherwise.
Moreover, the weight of G′0 is
wG′0
(vi) = G′0(vi) +
∑
vj∈N(vi)
G′0(vi, vj )
= h(G0) + 2eB
n0
(n0 + e0 + 1) + (n0 + e0 + eB)
2
= h(G0) + 2eB + (eB)(2e0 + eB + 1)
n0
= h(G0) + sB .
Therefore, the matrix A + B corresponds to the label adjacency matrix of the super VMTL of graph G′0. 
From a graph G0 that admits a super VMTL, Theorem 3 provides a way of obtaining super VMTLs for a graph
G′0. Although it is likely that matrices with the characteristics of the matrix B of the previous proposition are already
known, we are unaware if they have been published. Some matrices of this type are therefore given in this section.
More precisely, the rest of this paper deals with the construction of matrices of type B when A is the label adjacency
matrix of the graph G0 = kG that admits a super VMTL. Let us recall that the super VMTLs proposed in previous
sections belong to this type of graph. We distinguish two cases.
Let us assume that the number of copies k is an odd number. In this case, the degree of each vertex of kG is increased
by dn units, where k = 2m− 1 and d = 2, 4, 6, . . . , k − 1. For each of these new graphs kGdn we are going to present
a large number of super VMTLs. Before doing this, some concepts are recalled.
A magic square is a n × n array whose entries are the ﬁrst n2 positive integers, arranged so that the sum of the
numbers in any horizontal, vertical, or main diagonal line is always the same number, known as the magic constant,
M2(n)= n(n2 + 1)/2. There exist many constructions of magic squares for n4; see, for instance, [8]. Table 1 shows
the well-known magic square for n = 3.
Finally, there is no magic square for n = 2.
A square that fails to be magic only because one or both of the main diagonal sums do not equal the magic constant is
called a semimagic square. For instance, for n=3, the number of distinct semimagic squares (treating squares differing
by rotations and reﬂections as identical) is 9. Table 2 shows one of these semimagic squares.
Let C be a n × n a magic or a semimagic square. The k × k submatrices of B will be denoted by Bu v , u, v ∈
{0, 1, . . . , k − 1}. Let us denote by D1 the set of ordered pairs (u, v) such that 1u − vd/2 and 2m − d/2 − 1
v − u2m − 2, and D2 the set of ordered pairs such that 1v − ud/2 and 2m − d/2 − 1u − v2m − 2.
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Table 1
The magic square for n = 3 with M2(n) = 15
Table 2
A semimagic square for n = 3 with M2(n) = 15
Table 3
A super VMTL of K9 with h = 225
Denoting the entry (i, j) of Bu v by Bu v(i, j), the label adjacency matrix of kGdn is
Bu v(i, j) =
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
ai j if u = v,
kn(n+1)
2 + ci j + ((u + j − i)mod n)n2 + (v − u − j)kn2 if (u, v) ∈ D1,
kn(n+1)
2 + cj i + ((v + i − j)mod n)n2 + (u − v − i)kn2 if (u, v) ∈ D2,
0 otherwise.
(6)
From Theorem 3, it can be checked that B is compatible with the label adjacency matrix of the graph kG.
According to (6), depending on the choice of C there are many matrices B. Moreover, the reader can easily modify
(6), by maintaining C, for instance, by changing the subsets D1 and D2 or the values for Bu v(i, j), obtaining new
matrices with the desired characteristics.
Table 3 shows a super VMTL of K9 using as C the magic square of Table 1. It can be checked that the super VMTL
of K9 shown there is different from the one given in [7].
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Table 4
A super VMTL of K8 with h = 162
Table 5
A magic square for n = 4 with M2(n) = 34
Table 6
Some graphs that admit a super VMTL
G0 (2m − 1)K2m1−1 (2m − 1)(2m1 − 1)C(2m2−1)
|V ′0|(=|V0|) (2m − 1)(2m1 − 1) (2m − 1)(2m1 − 1)(2m2 − 1)
E0 + EB (2m − 1) (2m1−1)(2m1−2)2 (2m − 1)(2m1 − 1)(2m2 − 1)
+(2m − 1)(2m1 − 1)2d, +(2m − 1)((2m1 − 1)(2m2 − 1))2d,
d ∈ {2, 4, . . . , 2m − 2} d ∈ {2, 4, . . . , 2m − 2}
When the number of copies k = 2m is even, the method proposed for the case odd k can be generalized in the
same way without any difﬁculty. Moreover, by giving non-null values to the entries of the submatrices Bu u+m mod 2m,
u = 0, 1, . . . , 2m − 1, it is easy to increase the degree of the resultant graph kGdn by an odd multiple of n.
Table 4 gives an example illustrating the method to obtain kGdn for d odd. More precisely, it shows a super VMTL
of K8 obtained from a super VMTL of two copies of K4, given in [6], and the addition of edges according to the magic
square in Table 5.
The super VMTL shown in Table 4 for K8 is different from the ones given in [3,6]. As a matter of fact, as previously
stated, by choosing another magic square or a semimagic square for n=4, another super VMTL of K8 can be obtained.
Until now, we have applied the second method to the graph kG and, in particular, when G = Kn. Obviously, such
a method can be applied to the disjoint union r cycles of length s, rCs , for odd r and s, due to the fact that these
graphs admit a super VMTL; see [1]. Furthermore, this second method can be applied to the graph G0, which is not
of the type kG. Indeed, it sufﬁces to have a matrix B that is compatible with the labeling adjacency matrix of G0; see
Theorem 3. Table 6 gives an example of some graphs, which we have proved in this work to admit a super VMTL, and
their corresponding orders.
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5. Conclusions
In this paper, two new complementary methods to obtain super VMTLs of graphs are put forward. The ﬁrst one,
from a regular graph G that admits a super VMTL and has a neutral labeling, provides a super VMTL for the graph
kG for a large number of values of k. More precisely, let k be a positive integer. If the graph G is -regular graph, with
order n such that (k − 1)(+ 1)/2 is an integer, and admits a super VMTL, then the graph kG has a super VMTL.
The second one, from a graph G0 which admits a super VMTL, provides a large number of super VMTLs for the
graphs G′0 obtained by means of the addition of various sets of edges to G0. In particular, by using as G0 the disjoint
union of k copies of Ktb, and k copies of rCs , many super VMTLs are given to corresponding G′0 graphs; see, for
instance, Table 6.
Finally, although it is true that thanks to the two new methods put forward in this paper and the study of the properties
of various families of graphs, the number of known graphs admitting a super VMTL has increased signiﬁcantly, it is
also true that the question of determining which graphs admit a super VMTL and, above all, the design of super VMTLs
to graphs to admit at least one super VMTL is still open, and much work remains to be done.
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